We perform the self-consistent Skyrme Hartree-Fock calculation with the Coulomb exchange functional in the form of generalized gradient approximation (GGA). It is found that the PerdewBurke-Ernzerhof GGA (PBE-GGA) Coulomb exchange functional is able to reproduce the exactFock energy for the nuclei in a large region of the nuclear chart with one adjustable parameter. The remaining error of Coulomb exchange energy by the GGA with respect to the exact-Fock energy dominantly comes from the functional-driven error. * haozhao.liang@riken.jp
I. INTRODUCTION
Atomic nuclei are composed of protons and neutrons that interact with each other through the nuclear and electromagnetic forces. Since it is much stronger than the electromagnetic one, the nuclear force mainly determines the properties of atomic nuclei. Nevertheless, in specific studies it is important to evaluate the electromagnetic contribution to the properties of atomic nuclei, for example, for the mass difference of mirror nuclei [1] , the energy of the isobaric analog state [2] [3] [4] , the isospin symmetry breaking of nuclear force [5] , and the superallowed Fermi β decay [6, 7] . Since the static electromagnetic force is well known and mainly associated with the Coulomb contribution, it is in principle possible to evaluate the contribution of electromagnetic force for such phenomena with high accuracy.
The exchange term of two-body interaction is characteristic for Fermionic systems. In nuclear physics, the Coulomb exchange term is calculated in the exact form in some studies, including the non-relativistic [8] [9] [10] [11] [12] and relativistic Hartree-Fock calculations [13, 14] . However, due to its numerical costs, the Coulomb exchange energy density functional is usually treated as the local density approximation (LDA), i.e., the Hartree-Fock-Slater approximation [15, 16] and its relativistic version [17] [18] [19] , or even neglected [20, 21] .
Recently it has been shown that Coulomb energy density functionals of the generalized gradient approximation (GGA) give almost the same accuracy as the exact-Fock energy [22] by using the experimental charge density distribution as inputs of the functional. As a step further, the corresponding self-consistent calculation in the scheme of the Skyrme HartreeFock theory and quantitative discussions are highly desired. Self-consistent calculation with the GGA Coulomb exchange functional has an advantage for the numerical cost since the numerical cost of the self-consistent calculation with the GGA Coulomb exchange functional is O (N 3 ), while that with the exact-Fock term is O (N 4 ) [23] .
One of the relevant topics is a free parameter µ in the Perdew-Burke-Ernzerhof GGA (PBE-GGA) Coulomb exchange functional, which will be defined in Sec. II. As we discuss in detail below, the form of the PBE-GGA functional was determined in order to satisfy several physical conditions [24, 25] . Two different values of µ have been widely used in the studies of atoms [25] and solids [26] , respectively. In this paper, we carry out the selfconsistent Skyrme Hartree-Fock calculation by using the PBE-GGA functional instead of the exact-Fock. Therefore, the optimal value of µ and its applicability will be discussed in detail.
This paper is organized in the following way: First, the theoretical framework and general discussion for the PBE-GGA is given in Sec. II. Second, the calculation setup is explained in Sec. III. The systematic calculations and discussion are shown in Subsec. IV A, and detailed analysis for 208 Pb is shown in Subsec. IV B. Finally, the conclusions and perspectives of this paper are shown in Sec. V. The potential form and rearrangement term for the GGA Coulomb exchange functional are shown in Appendix.
II. THEORETICAL FRAMEWORK
The LDA Coulomb exchange functional [15, 16] is well known as the Hartree-Fock-Slater approximation, which reads
where ρ ch is the charge density distribution. In order to go beyond the LDA, the GGA Coulomb exchange functionals [25] [26] [27] have been proposed as
where F is the enhancement factor due to the density gradient. Here, s denotes the dimensionless density gradient
In particular, the enhancement factor F in the PBE-GGA Coulomb exchange functional is assumed to be [25]
in order to satisfy some physical conditions shown below [24] . Accordingly, the parameters κ and µ are determined to satisfy the same conditions.
Firstly, in the uniform density distribution, i.e., s = 0, the PBE-GGA Coulomb exchange functional should represent the LDA one. Thus,
is trivially required.
Secondly, the Coulomb exchange functional should satisfy the Lieb-Oxford bound [28] , that is an analytical inequality
which is derived from the Hölder inequality in mathematics [29] . In order to satisfy this condition, the parameter κ is determined as κ = 0.804 for any value of µ.
Thirdly, the PBE-GGA Coulomb exchange functional should also satisfy the uniform scaling [30] 
for any ζ in order to satisfy the condition of the exchange hole
for all r, where
Here, ψ jσ is the Kohn-Sham single-particle orbital for the j-th occupied state, σ is the spin coordinate, and ↑ and ↓ represent the spin-up and spin-down states, respectively.
Finally, at the slowly varying limit, i.e., s ≃ 0, in order to recover the LDA response function, the PBE-GGA Coulomb functional represents the linear response of the homogeneous electron gas as [24] lim s→0
with µ = 0.21951. This µ can be understood as a coefficient in a response function theory since it multiplies a term proportional to the square of the gradient of the charge density [24, 31] .
Combining Eqs. (5), (6), (7), and (12), the PBE-GGA enhancement factor F is determined as Eq. (4). This discussion can be applied to proton systems if protons are assumed to be point particles, since protons and electrons share common properties from the point of view of electromagnetic interaction. However, the value of µ is still under discussion.
The enhancement factor of the PBEsol-GGA Coulomb exchange functional [26] is also determined to satisfy the same conditions as the PBE-GGA one, while at the s → 0 limit µ = 0.1235 instead [31] , and as a result, it is empirically known that the PBEsol-GGA Coulomb functional reproduce electron structure of solids better than the PBE-GGA one.
Therefore, the coefficient µ can be considered as a free parameter, while the coefficient κ is fixed.
III. CALCULATION SETUP
The LDA and PBE-GGA Coulomb exchange functionals are applied to the self-consistent Skyrme Hartree-Fock calculation [32] , while for the nuclear part of EDF the SAMi functional [33] is used. Here, note that no refit of the nuclear part of EDF is needed due to the use of the PBE-GGA functional for the Coulomb exchange term since this term produces at most a difference of 1 MeV in the total binding energy with respect to LDA. Therefore, the difference does not deteriorate the quality of SAMi in the description of bulk properties such as binding energies or charge radii. In this paper protons are treated as point particle as in the usual treatment, i.e, ρ ch = ρ p , where ρ ch and ρ p are the ground-state charge and proton density distributions, respectively. Since the PBE-GGA Coulomb exchange functional is written in terms of the density, the form factor of nucleon can be considered in the self-consistent steps, and this finite-size effect will be considered as a future study.
For the numerical calculation, the skyrme rpa code [34] is used. In this code, spherical symmetry is assumed and a box of 15 fm with a mesh of 0.1 fm is used. Here, there is no In the Skyrme Hartree-Fock calculation, the total energy can be written in two ways:
One way is
where ρ n is the ground-state neutron density distribution, T 0 is the kinetic energy, and E nucl , E Cd , and E Cx are nuclear, Coulomb direct, and Coulomb exchange functionals, respectively.
The other way is
where ε j and τ j are the single-particle energy and single-particle kinetic energy, respectively, and E rea is the energy of rearrangement term. In all of the present calculations, we find
tot is of the order of 10 −4 , where E 1 tot and E 2 tot are the total energies calculated by Eqs. (13) and (14), respectively. Hence, the numerical accuracy of the presented results is of the order of 0.01 %, well below the average model accuracy in the description of nuclear ground-state energies [35] .
IV. RESULTS AND DISCUSSION

A. Systematic calculations
The Coulomb exchange energies E Cx for the doubly-magic nuclei calculated in the LDA and PBE-GGA Coulomb exchange functionals are shown in Table I . For comparison, the exact-Fock energies are also calculated, where the exact-Fock calculation is carried out by the first-order perturbation theory [12] . This is assumed to be accurate enough for our purpose of discussion. In order to see the difference between the LDA and PBE-GGA clearly, the deviation of the Coulomb exchange energy E Cx in the PBE-GGA from that in the LDA,
is also shown as a function of mass number A in Fig. 1 . Results calculated from the exactFock and PBE-GGA are shown with squares and down-triangles, respectively. It is seen that in the light-mass region ∆E Cx is more than 10 %, while in the medium-heavy-and heavymass regions ∆E x decreases gradually with A. This is because the ratio of the surface region in the light nuclei is larger than that in the medium-heavy or heavy nuclei as discussed in
Ref. [22] . From light nuclei to heavy nuclei, the PBE-GGA results show similar behavior as the exact-Fock results.
However, it is also seen that absolute values of the PBE-GGA Coulomb exchange energy are a little smaller than those of the exact-Fock energy systematically. In order to improve it, the free parameter of the PBE-GGA Coulomb exchange functional, µ, is multiplied by a factor λ. According to Eq. (12), larger λ gives larger enhancement factor F . The
Coulomb exchange energies E Cx calculated with λ = 1.25 and 1.50 are shown in Table I Furthermore, in light nuclei, density properties are more sensitive to the shell structure, and thus λ may be sensitive to A, Z, etc. In contrast, in medium-heavy and heavy nuclei density properties are less sensitive to the shell structure. Hence, λ is somehow universal for a large region of nuclear chart. Before ending this subsection, let us pay more attention to the idea of the exchange functional. In the DFT, ideally, the total Coulomb energy, i.e., the sum of the Coulomb direct, exchange, and correlation energies, has physical meaning instead of each contribution to the energy separately. However, since the Coulomb correlation EDFs are not considered in nuclear physics, the Coulomb exchange EDF discussed here is so far required to reproduce the exact-Fock energy. In contrast, in electron systems, the Coulomb exchange EDF is not supposed to reproduce such an exact-Fock energy. Instead, the exchange and correlation
EDFs together aim to reproduce the total energy. Therefore, the roles of the exchange EDF are slightly different from each other. As a result, the value of λ is different from one, yet expected to be of the same order.
B. Detail analysis for 208 Pb
In order to understand in more detail, the ground-state properties of 208 Pb influenced by the Coulomb interaction will be discussed. In this subsection, λ = 1.25 is used for the 
PBE-GGA Coulomb exchange functional.
The LDA and PBE-GGA Coulomb exchange potentials V Cx are shown as a function of r in long-dashed and solid lines, respectively, in Fig. 3(a) . In order to see clearly the difference between results calculated by the PBE-GGA Coulomb exchange functional and that by LDA one, the deviation of the PBE-GGA and LDA Coulomb exchange potential
and the same but for the total Coulomb potential, ∆V C , are shown in Figs. 3(b) and (c), respectively. It is seen that the deviation between the PBE-GGA and LDA Coulomb exchange energy is profound, especially −30 % in the surface region and 40 % in the tail region. The dip in the surface region is because of the derivative of ρ p , while the asymptotic behavior in the tail region is due to saturation of the enhancement factor F as s increases. However, the Coulomb exchange potential is quite weak compared with the Coulomb direct potential.
Thus, though the deviation is non-negligible for Coulomb exchange potential, that for the total Coulomb potential is less than 0.5 %.
The proton and neutron density distribution ρ p and ρ n for 208 Pb are shown as a function of r in Figs. 4(a) and 5(a), respectively. The deviation between the density calculated by the PBE-GGA Coulomb exchange functional from that by the LDA one,
are shown as a function of r in Figs. 4(b) and 5(b), respectively. Since the Coulomb potential V C affects proton single-particle orbitals and thus density ρ p directly, the absolute value of ∆ρ p is the same order as ∆V C . Because the Coulomb functional does not affect the neutron density directly but in the self-consistent step, the absolute value of ∆ρ n is one order of magnitude smaller than ∆ρ p . Even though they are tiny, both ∆ρ p and ∆ρ n are negative in the surface region, as the PBE-GGA Coulomb potential is larger than the LDA one there.
Moreover, since the LDA and PBE-GGA Coulomb exchange functionals give very similar the proton densities ρ p , the difference of the two Coulomb exchange potential ∆V Cx comes from the enhancement factor instead of the difference of the density.
The single-particle energies ε j for protons in 208 Pb calculated from the LDA and PBE-GGA Coulomb exchange functionals are shown in Table II . Those from the exact-Fock [12] are also shown. Since the Coulomb potential changes quite a little as shown in Fig. 3(c) , the single-particle energies also change quite a little. The differences in ε j calculated by the LDA between those by the PBE-GGA are less than 10 keV, while the differences between those by the LDA and those by the exact-Fock are more than 100 keV. Even though the PBE-GGA Coulomb exchange functional does not change the single-particle energies ε j , the exchange
Coulomb energy E Cx in the PBE-GGA is almost the same as the exact-Fock energy. In order to understand the reason, the exchange Coulomb energy E Cx , the total energy per particle E tot /A, the sum of the single-particle energies and kinetic energies par particle j (ε j + τ j ) /2A, and the energy of rearrangement term par particle E rea /A for 208 Pb are shown in Table III , where the total energy is calculated as Eq. (14). It is seen that E rea /A Coulomb energy E Cx , the total energy par particle E tot /A, the sum of the single-particle energies and kinetic energies par particle j (ε j + τ j ) /2A, and the energy of It is known that the error of the total Coulomb energy can be separable into two parts: the density-driven error and functional-driven error [37] . The latter comes from the difference between "exact" functional E [ρ gs ] and "approximated" functionalẼ [ρ gs ], and the former is the remaining part and comes from the difference between the exact ground-state density ρ gs and the calculated ground-state densityρ gs . For the Coulomb exchange functional, between the LDA and the PBE-GGA, the calculated ground-state densities are almost the same to each other, and here the exact-Fock energy is calculated by the first-order perturbation theory. Thus, the difference between the PBE-GGA energy and exact-Fock one dominantly comes from the functional-driven error.
The finite-size effect of protons is an interesting topic. Since electrons are elementary particles and do not have a finite radius, charge distribution and electron distribution are identical to each other in electron systems. In contrast, since protons have a finite radius [38] , charge distribution ρ ch and proton distribution ρ p are different to each other. Even though commonly the self-consistent calculations of the DFT or Hartree-Fock for nuclear structure do not consider this difference, it is known that the finite-size effect of protons is not negligible in the study of isobaric analog energy [4] . One more essential point is that it is difficult to consider the form factor of protons for the finite-size effect in the exact-Fock term as the single-particle wave functions are used. In contrast, one is able to consider this effect in the PBE-GGA Coulomb exchange functional since the functional is written only in terms of the density.
A more challenging topic is a Coulomb correlation EDF for nuclear systems. In electron systems, Coulomb correlation EDFs have been discussed for decades. However, these functionals are not applicable to nuclear systems [22] . This is because the correlation energy in nuclear systems is mainly caused by attractive nuclear interaction, whereas that in electron systems is mainly caused by repulsive Coulomb interaction, and thus, the Coulomb correlation energy in nuclear systems is opposite sign to the that in electron systems [22, 39, 40] .
Therefore, to investigate the Coulomb correlation EDFs for nuclear systems is a very important topic in nuclear systems in the future. 
the LDA Coulomb exchange potential is
where ε LDA Cx is the exchange energy density
In order to go beyond the LDA, the GGA Coulomb exchange functional and energy density are
respectively. Thus, the GGA Coulomb exchange potential is [41] 
where ρ ′′ = d 2 ρ (r) /dr 2 .
Next, the total energy is considered. On the one hand, in the original DFT, the total energy is written as [23] E gs = j ε j + E xc [ρ gs ] − V xc (r) ρ gs (r) dr + 1 2 V int (r, r ′ ) ρ gs (r) ρ gs (r ′ ) dr dr ′ ,
where V int is the two-body interaction, E xc is the exchange-correlation functional, which shows the exchange energy and the remaining part of the total energy, and V xc is the exchange-correlation potential defined as V xc = δE xc /δρ| ρ=ρgs . On the other hand, in the Skyrme Hartree-Fock calculation, the total energy reads
where ε j and τ j are the single-particle energy and the single-particle kinetic energy, respectively, and E rea is the energy of rearrangement term [32] . Two expressions for the total energy Eqs. (A8) and (A9) should be identical to each other. Since the single-particle Kohn-Sham
wheret is the single-particle kinetic operator, the equation 
As compared to Eq. (A9), the rearrangement term is 
